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Section A
(Start a new answer sheet.)

Question 1. (18 marks)

Marks

(@ If z=1+2 andw=3-i expressz’+Ww in the forma+ib (wherea andb are real). 3

(b)  Sketch the region in the Argand diagram represeiydd+i|< 2. 2

(©) " Find all pairs of integera andb that satisfy(a+ib)2 =-3-4. 3

(d) If |z-1=Re(z)+ 1find the locus ofz. 3

(e) If z andw are two complex numbers, prove that 3

Z-W=Z-W.

() 0] Express each of the complex numbers2i andw=1+i~/3 in modulus- 2
argument form.

2

(i)  Find the exact value odrg(z+w).
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Question 2.(15 marks)

Marks
@ Fing j—z ax__ 2
X°+2x+5
b i 2
) Find JLdXS using the substitutionm =2+ 7 cosx.
(2+7 cox)
(c) Use integration by parts to find: 3
jXS In xdx
(d) () Find real numbers, b, andc such that 2
6 ax+b ¢
= + .
X*(x+3)  x*  x+3
.. . 6 2
i) Find | ———=dx
0 J x*(x+3)
()  Use the substitutiob=tanX to evaluate 4

Js l- dx
o 1-sinx

Give your answer in simplest exact form.
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Section B
(Start a new answer sheet.)

Question 3.(14 marks)

Marks
(@) Find the equation whose roots are twice thdsleeoequation: 2
x*=x-3=0.
b)) (O Prove that ifa is a double root of the equatid?®(x) = 0then P'(a) =0. 2
(i)  Prove thatP(x) = x> —3ax+b has a double root i* = 4a>. 3
(i)  Hence or otherwise solve the equation 5
X+3x+2=0
(c) The graph ofy = f(x) is shown:
y N
/ X
a 0 a ‘ >
Draw sketches of the following curves (on sepadgégrams):
: 1
M y=[fo]
i) y=f(x 2
1
i =
(ii) y ) 2
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Question 4(15 marks)

(@)  Sketch the graphs of:

(i) y=sin* 2x for —2mr< x< 271.
(ii) sin(x+y)=0
(b)) Sketch the graph of =|x~1(x+1).
(i) Hence or otherwise sketch the graph of
_ 1
Aty

(c) Consider the function:

X

e’ —-e
e€+e”

f(x) =

0] Show thaff(x) is an odd function.
(i) Find the equations of any asymptotes.
(i)  Show thatf(x) is a decreasing function for all real

(iv) Sketch the graph of= f(x).
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Section C
(Start a new answer booklet)

Question 5(13 marks)

(@) Sketch the graph of the function

indicating the nature of any turning points andebeordinates of any points of
inflexion.

(b) Arectangle is divided by lines parallel to one pair of opposite sides ayd bnes
parallel to the other pair of opposite sides.

How many rectangles of any size are formed in dselting figure?
(Leave your answer in unsimplified form.)

©) Given thatz, = () = 21, show that (z,) = (Z—-l-ijl
Z—1 Z—

(d) If aandb are two roots of the equatiori + 4x— 2= 0, show thasb is a root of the
equationx’® —4x* - 4= 0.
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Question 6(17 marks)

(@) Consider the function
f (X) = x+log, (1- x)
(1) Sketch the graph of = f (X) showing all essential features.
(ii) Hence show thak < -log, (1~ x) for all x<1.
(b) z

()  Show thatj * xcosxdx =’_27 -1,

0

2
(i) If u, =J xcos' xdx andn is a positive integer greater than 1, prove that
0
J _(n—lju _1
n n n-2 nz .
(i) Deduce thaty, = 27149
15 225
(© A A chordAB and a diameteED of a circle

centreO intersect at a poirl within the
D circle.
‘ (M is not the centre.)
B

()  Show that(CM +MD)* >(AM +MB)’

(i)  Deduce tha{CM -MD)’ >(AM —MB)’

This is the end of the paper.
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STANDARD INTEGRALS
n l n+1 H
fx dx=—x"", nz-1x£0,ifn<0
n+1
1
—dx=Inx, x>0
X
eaxdleeax, az0
a

[ 1 .
cosaxdx== simax ,az 0
a

f . 1
sinaxdx=-—cosax ,az 0
a

sec axdle tarax ,
a

[ 1
secax taraxdx==— seax a# O
a

1 1. X
———dx==tan'=,a% 0
at+x a a

| m In(x+\/x +a )

NOTE: Inx=log,x, x>0
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—— _dx=sin*Z,a>0,-a<x<a

JJ*
Jidx In(x+\/x —a) x>a>0
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Section A
Question 1

(a) z=14+2i,w=3—i

2t =1-4+4i=-3+4i,w=3+i

. z_z_—3+4ix3—i _S5+Isi_ 1.3,

w3+ 3-i 10
(b) The interior of a circle centred at z =—i and radius of 2 units.
(¢) z=a+ib

2 =(a+ib) =-3-4i

sat—b’=-3,

2ab=-4=ab=-2
‘z2‘=5:>|z|2 =5=da’+b’ =5
a’+b*=5

a’-b’ =—3}+
n2a°=2=a=tl

20 =8=b=%2
wab<0= z=%(1-2i)

- (1,-2)&(-1,2)

(d)  |z—1=Re(z)+1
Z=x+iy

.'.|(x—1)+iy|=x+13x2—1



(e) 2=z, +iz,, w=w, +iw,
"'Z_W:(Zl_wl)"'i(zz_wz)

-'-Z__M/:(Zl_wl)_i(ZZ_WZ)

7-w=(z,—iz,)—(w —iw,) =(z,-w)—i(z,-w,)

(f) () |2=2arg() =§:> z =2cis§

‘1+i\/§‘:2,arg(1+i\/§):§:>w:2ds%

(ii) If C corresponds to the complex number z+w then OABC is a

rhombus.
So LCOA=1/A0OB = % [properties of thombi |
C
X
arg(z+w)=4£COx
= /BOx+1(ZAOB)
_z +i(£j
3 %16
sz

12



Question 2

dx dx
(a) 2 = 2
X +2x+5 (x+l) +4

1 (x+lj
=—tan| — |+c
2 2

(b)  wu=2+7cosx
du =—7sin xdx
J’ sin xdx __lj —7sin xdx
(2+7cosx)5_ 7) (2+7cosx)’
1 ( du
7) W

= +c

:lx4 lnx—J (lx4 le dx
4 4 X

:lx4 lnx—lj Xdx
4 4

:lx4 lnx—ix4 +c
4 16

@ ) gt

+
xz(x+3) X x+3

s 6=(ax+b)(x+3)+cx’

subx=—3:6=c(9):>c=§

atc=0=a= —2 [coefficient of x2]
3

3b=6=>b=2 [constant term]

2
.'.az——,b=2,c=g
3 3
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sin x =
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j3 1, dx =
()1—Slnx
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Section B

P asTron R
FUEo O
. 3
& x-t-3= o0 — @
49—‘»—\/%«4,/%/% Ahaaas X 2Ax D> x =X 4 @
CX\—... -3 =o0-
>3 _x _2=0
= &
/,( U —du = o]

b ™ A /{1\ = K\ Pan
PQA = &CL——*\ CPan + éc.—o(.\oz‘ W{x\_

ey
-P@\ > (4= ). Gty ,«-(a(-aq;{. P'an
&0 xPK) + 0 x Pix,
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Ay Plan = 3w o34 ®
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Tt (B %/0@(1-—0 30</3¢ o

—3,(4,4_5;@

o (ot 32 = — b
9(( I;L-SQ_B =—5
o > —R o = — L.
o(’)’*‘—f-fu‘/ = 6
LA spa” ‘-"E‘y

T e
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Section C

5. (a) Sketch the graph of the function
y =% 4 jzs

indicating the nature of any turning points and the nature of any points of
inflexdon.

8/
Solution: # = %[4+z],

= 0 when r =10, —4.

f_1.-2 1.4
U = §I 3+§Is.,

(14 x)
3w

= 0 when z = —1,

= undefined when » = 0.

Y = '2'1‘_% n T :
x —9'2 v
= 4 When r =8,
= 0 when =z =2,
= —lwhenz=1,
= % when ¢ = —1.
Minimnm at (-1, —%),
vertical inflexion at (0, 07,

. . 3
inflexion at (2, 332,




(b) A rectangle is divided by m lines parallel to one pair of opposite sides and by n
lines parallel to the other pair of opposite sides.

How many rectangles of any size are formed in the resulting figure?
(Leave vour answer in unsimplified form.)

Solution: (™}*) x ("1*)

or ™20, x P

- z—1

(¢) Given that 2, = f(z) = s j show that fiz) = (~ + 1).:'

Solution: f(z) = =

s+ 14+iz4+1)

r—1—id(z—-1)

(41 +9) » 1+i
(z=11(1—-4) 144

(F)(E)

(d) If @ and b are two roots of the equation x* + 4r — 2 = 0, show that ab is a root
of the equation ® — 42® — 4= 0.

Solution: Let ¢ be the third root of #* + 42 — 2 =10,
then,a+b+c=0 ...
ab+bet+eca=4 ...
abc =2 ...
Method 1: From|l|e= —(a+b) ...

Fl‘OlllEZé

Suh.ill' ab+%+%= !

a*b? + 2(a+b) = dab
a?l? — 2e = dab
@b~ L gab= 0

a
{ab® — 4{ab)? —4= 0
ie., abisa root of 2% — 422 —4 =10,




Method 2: Consider the equation with roots ab, be, ca.

Sum of roots one at a time is ab 4+ be+ ca = 4.

Sum of roots two at a time is ab®e + befa + ea®h = abe(a + b+ 0)

=10
Product of roots is ab®cfa = (abe)®,
= 4.
The equation is ¥ —4x® —4 =10,
2

Method 3: ab= - (from |3 | above).

Substitute into »* — 42 —4 =10,

" b 16
LHS. = p= R
4t — 16e+ 8
_4 ¢
= F(c? +4c — 2)
But ¢ is aroot of 2* + 47 —2 =10,
LHS. = 0,
= RHS.

abis aroot of 2% —4x? —4 =0,

6. (a) Consider the function
flz) =z +log,(1 —z)

i. Sketch the graph of y = fir), showing all essential features.

Solution:  f(r)=r+In{l —2), =<1
f(o)=o. )
Flr)=1-— .
fla)=1-1—.
=
T 1l-x
= 0 for z < 0,
= 0 for x =10,
< Ofor 0« x < 1.
F11) = undefined.
—1
lx) = ——.
1) = 7=
< 0 for all =
Henee maximum at (0, 0), no inflexions.
Vertical asymptote at x = 1.




ii.

Hence show that = < log (1 — z) for all x < 1.

Solution: First interpretation—
Cuestion should have read:

Hence show that » < —log (1 — ) for all » < 1.

ie, r+In(l—x) =0

Second interpretation—
Let the question stand, ie., * —In{l —x) < 0.
Now consider y= f{z) = = —In(l — z),
foy=o0.
flix) =1+ 1z
= O forx <1,
= undefined when = = 1.
The curve is monotonic increasing and passes through (0, 0). Henece the
statement is false.




(b} 1. Show that fu% reoszdr = g — 1.

T
Solution: 1= f,f reosrdr, P
z ., r__ I
= rsing)d — fuﬂ sin r dz, u =1 v =sinz
"I.I_ T
— —0—|—cosz|f,
2 H
T
= - —1.
2
1 L T ’
ii. If w, = f,f reos” rdr and n is a positive integer, prove that
n—1
Uy = —.
2
Solution: _
Uy = [F zcos"zdrz, u = cos"1 g
x v
= [rsinrcos® ! x + cos |2 v = zeoose .

= [zsinzcos™

nll, = |renreos" e+
+(n — 1y a,
1 .
= _E + (H - .UL':;—E-
n—1_ 1

r 'Llﬂs - ‘n—2 — pr
n mn

+(n—1) fu% rsin® r cos" 2 rdx

+(n—1) fu% sin x cos™ ! rdr,
= [rsinz cos™ ! r + cos® I]é

+(n — ljfu% reost? rdr

—(n-—1) fD% T cos™ zdr

—(n—1) fn% cos" !tz deose,
T+ cos”x

(mn—1)cos™r 3

0
+in— 1 — (n— 1.
cos™

in—1){—snx)cos
T8N T + Ccos T

H




iii. Deduce that uy =

4r 149

15 225
Solution: Uy = %U —%_
[r3= % 'rl_é:
Uy= % -1
4,2 1
= 2(2I-1} -5 -1
5\3 L2 o 25
_4m 8 E| 1
T15 15 45 25
4w 149
To15 225

A chord AFE and a diameter C'D of a circle
centre () intersect at a point A within the
cirele.

(M is not the centre.)

i. Show that (C'M 4+ MD)? = (AM + M B2

ii.

Solution: CM 4+ MD = CD, a diameter.
AM + ME = AB, a chord which is not a diameter.
C'D = AEB, as a diameter is the longest chord
in a circle.
o CD*> AB%
So (CM + MD)® > (AM + MB)~.

Deduce that (CM — MD)? = (AM — MB)?.

Solution:
(CM 4+ MDYV > (AM + MBY,

CM? +2CM.MD + MD? = AM® 4+ 2AM MB + MB*.
Now CM.MD = AM ME (intersecting chord theorem),
so subtract 4CM.MD [ = 4AM M B] from both sides,

CM? —20MMD + MD? = AM? - 2AM.MB + M B2

ie, (CM - MDY? = (AM — MB)2.




